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Abstract. We obtain 866 isomorphism classes of five-dimensional non- 
singular toric Fano varieties using a computer program and the database 
of four- dimensional reflexive polytopes. The algorithm is based on the 
existence of facets of Fano polytopes having small integral distance from 
any vertex. 



Introduction 

Nonsingular projective varieties over C are called Fano, if their anticanon- 
ical sheaf is ample. Many efforts were taken to classify nonsingular Fano 
varieties up to deformation, and there is now a complete list in dimensions 
two and three [20]. In the toric case (i-dimensional nonsingular toric Fano 
varieties were completely classified for d < 4 up to biregular isomorphisms, 
for d < 3 by Batyrev pQ and Watanabe and Watanabe [26], and for d = 4 
by Batyrev [6] and Sato [23]. They found 1, 5, 18, 124 isomorphism classes 
for d = 1,2,3,4. 

The combinatorial objects corresponding to (i-dimensional nonsingular 
toric Fano varieties are (i-dimensional Fano polytopes. These are lattice 
polytopes having the origin in its interior such that any facet is a simplex, 
and moreover, the vertices of any facet form a lattice basis. The fan of the 
corresponding toric variety is given by the cones over the faces of the poly- 
tope. Biregular isomorphism classes of nonsingular toric Fano varieties are in 
one-to-one correspondence to lattice isomorphism classes of Fano polytopes. 

In |6j Batyrev investigated the projection of (i-dimensional Fano polytopes 
along a vertex, and showed that the image is a (d — l)-dimensional reflexive 
polytope. A reflexive polytope is a lattice polytope having the origin in 
its interior such that the origin has integral distance one from any facet. 
Reflexive polytopes correspond to Gorenstein toric Fano varieties and were 
used to construct mirror pairs of Calabi-Yau varieties [3]. Skarke and the 
first author succeeded in classifying all (i-dimensional reflexive polytopes 
up to lattice isomorphisms for d < 4 using the computer program PALP 

[HI H51II51 OH- The y found 16 > 4319 > 4 73800776 isomorphism classes for 
d= 1,2,3,4. 

In this article, we describe how to recover all (i-dimensional Fano poly- 
topes from the classification of {d — l)-dimensional reflexive polytopes. The 
effectiveness of this procedure is based on the following key observation (for 
the precise and slightly stronger statement see Theorem 11.91 Cor. II. lip : 
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Proposition. Let X be a d- dimensional nonsingular toric Fano variety, and 
X P d . Then there exists a facet F of the associated d- dimensional Fano 
polytope P such that any vertex of P has integral distance at most d from 
F. In particular, there exist d torus-invariant curves on X, intersecting in 
a common torus fixpoint, all having anticanonical degree at most d. 

The idea of the classification is to take the vertices of the facet F as 
a lattice basis e%,...,ed of Z rf , and to project P along a- Now, for any 
vertex of P its first d — 1 coordinates are determined by the projection, and 
the assumption on F yields an effective bound on its last coordinate. We 
implemented the algorithm in PALP and obtained the following main result: 

Theorem. There are 866 isomorphism classes of five- dimensional nonsin- 
gular toric Fano varieties. 

The list of the five-dimensional Fano polytopes and their facet inequalities, 
in form of the vertices of the dual polytope, is available on the webpage |13j . 

The paper is organized in the following way: 

In the first section we prove the existence of a facet that has small inte- 
gral distance from any vertex, extending an argument due to Casagrande 
in [8]. In the second section we recall the necessary results about projec- 
tions of Fano polytopes. The third section contains the description of the 
classification algorithm. In the last section we list some observations on the 
properties of the classified nonsingular toric Fano varieties, and we also give 
the Hodge numbers of associated complete intersection Calabi-Yau 3-folds. 

Remark: After the publication of this work 0bro presented in 23j a direct 
algorithm for the classification of d-dimensional Fano polytopes, which he 
successfully applied for d < 7. 

Acknowledgments: The work of the first author was supported in part 
by the Austrian Research Funds FWF grant Nr. P18679-N16. The second 
author is a member of the research group Lattice Polytopes, supported by 
Emmy Noether fellowship HA 4383/1 of the German Research Foundation. 
He also thanks the Vienna University of Technology for hospitality and 
support. We are grateful to the anonymous referees for valuable suggestions. 

1. Facets having small integral distance from any vertex 

In this section we show that any Fano polytope P has a facet F such that 
any vertex of P has small integral distance from F. 
First let us recall the basic combinatorial notions. 

Let P C M. d be a lattice polytope, i.e., its vertices are contained in the 
lattice Z d . Throughout we assume that P is d-dimensional and contains the 
origin of the lattice in its interior. We also use the notion of a rf-polytope 
to denote a d-dimensional polytope. 

A facet of P is called simplex, if the vertices of the facet are affinely 
independent, and the facet is called unimodular, if the vertices even form an 
affine lattice basis. 
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Definition 1.1. 

(1) P is called reflexive, if the dual polytope 

P* ■= { y e {R d )* : (y,x) >-1ViG P} 

is a lattice polytope with respect to the dual lattice 

(2) P is called simplicial, if any facet of P is a simplex. 

(3) P is called Fano polytope, if the vertices of any facet of P form a 
lattice basis. 

Hence, a Fano polytope is precisely a simplicial reflexive polytope, where 
all facets are unimodular. 

Remark 1.2. One should note that in the literature Fano polytopes are 
sometimes also called smooth Fano polytopes, e.g., [10], [21] . 

Now, the starting point is the following bound on the number of vertices 
of a simplicial reflexive polytope, [8]: 

Theorem 1.3 (Casagrande). A simplicial reflexive d-polytope P has at most 
3d vertices for d even and 3d — 1 for d odd. If P has 3d vertices, then the 
associated nonsingular toric Fano variety is a d/2-product ofF 2 blown-up in 
three torus-invariant points. 

For our purposes we need a simplified and generalized version of the pre- 
vious result, based on the idea of the proof of Casagrande. For this we first 
introduce some notation: 

Definition 1.4. We define: 

(1) V(P) is the set of vertices, F(P) the set of facets of P. 

(2) t]f is the unique inner normal of F € J~(P) with (r]F,F) = — 1. 
Hence, V(P*) = {n F : F <E F(P)}. 

(3) For F E F(P) we define a F := Z 1 , e v(P)( 1 ~ (vf,v)). 

Here is the main observation: 

Proposition 1.5. Let P be a lattice d-polytope containing the origin in its 
interior. Then \ V(P) \ is a proper convex combination of {aF}F£j r (P)- 

Proof. Since also P* contains the origin in its interior, we can represent the 
origin as a proper convex combination of the vertices {ijf}f£T(p) : 

FeF(P) 

where \f > for any F £ F(P), and ^FejF(P) = 1. Hence 

£ \ F a F = £ £ X F (l-(r, F ,v))= £ (1-0) = |V(P)|. 

FeF(P) veV(P)FeF(P) veV(P) 

□ 
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Recall that, if P is a reflexive polytope and F E 3~{P), then rjp E V(P*) 
is a primitive lattice point, hence v E V(P) has integral distance (tjf,v) + 1 
from the facet F. 

Now, we can derive a first result on the existence of a facet having small 
integral distance from any vertex. This result is essential for the effectiveness 
of the classification algorithm: 

Corollary 1.6. Let P be a simplicial reflexive d-polytope. Then there exists 
a facet F such that 

Y {VF,v)<d. 

veV(P) : (VF,v)>l 

In particular, any vertex of P has integral distance at most d + 1 from F. 

Proof. By Prop. 11.51 there is a facet F E J~(P) such that 

\V(P)\<a F = \V(P)\- Y iVF,v). 

veV(P) 

Hence, since F has d vertices, 

o > Y ^> u > = - d + Y (vf^). 

ueV(P) veV(P) ■. (vf,v)>i 

□ 

While the previous result gives a strong restriction on the number of 
vertices having integral distance > 1 from such a facet, the following result 
yields a bound on the remaining vertices, [101 Remark 5(2)] and \21\ Lemma 
5.5]: 

Proposition 1.7. Let P be a simplicial reflexive d-polytope. Then for any 
facet F E F(P) there are at most d vertices v E V(P) with (r]F,v) = 0. 

In particular, we see that, if for any facet there is a vertex far away, then 
the overall number of vertices cannot be too large: 

Corollary 1.8. Let P be a simplicial reflexive d-polytope. Let w be the 
maximal integral distance a vertex of P has from the facet F of Cor. 
Then P has at most 3d + 2 — w vertices. 

Proof. We have (j]f,v) E {-1,0,1, ... ,w - 1} for v E V(P). Let h := 
|{u E V(P) : (rj F ,v) = i] \ for i = -1, 0, 1, . . . , w - 1. By Prop. fTTH fcn < d. 
Hence, since k w ^\ > 0, we get | V(P) | = J27=-i h = d + k + J27=i ^ - 
2 d + {ETJi hi) ~ k w -!(w - 2) < 3d - (w - 2). □ 

In the case of a Fano polytope we can sharpen Cor. I1.6l even further (note 
that a d-dimensional Fano polytope is a simplex if and only if the associated 
nonsingular toric Fano variety is isomorphic to P rf ): 
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Theorem 1.9. Let P be a Fano d-polytope. If P is not a simplex, then 
there exists a facet F such that 

(VF,v)<d 

ueV(P) : (VF,v)>l 

and any vertex of P has integral distance at most d from F. 

Proof. Let F G P(P) be chosen as in Cor. 11.61 The vertices of F are denoted 
by ei, . . . , ed- Assume that there is a vertex v G V(P) with (rjp, v) > d. This 
implies (tjf,v) = d, and moreover, any other vertex v' G V(P) with v' ^ v 
and v' £ F satisfies (np, v') = 0. Now, since P is not a simplex, there exists 
a subset I C {l,...,d} such that V := {v,ei : i G 1} is not the vertex 
set of a face of P, however any proper subset of V is. V is called primitive 
collection in the language of Batyrev, [2j 2.6]. This implies that there exists 
a so-called primitive relation [21 2.8,3.1] 

r 

v + ^ei = ^2k jVj , 
iel j=l 

where r G N>o, % G N>o and G V(P)\V for j = 1, . . . , r. Hence, applying 
rjF yields (rjp,Vj) G {—1, 0} for j = 1, . . . , r, thus 

r 

< d- I J I =^ / k j (ri F ,v j ) < 0, 
j'=i 

a contradiction. □ 

In particular, from this result one may immediately derive the classifica- 
tion of toric del Pezzo surfaces. 

Remark 1.10. Looking at the reflexive hexagon P, a Fano 2-polytope, we 
see that one cannot in general expect the existence of a facet F with 

J2 (VF,v)<d-l. 
veV(P) ■. (vf,v)>i 

However, such a facet does not exist if and only if YlveV(P) (VFj v ) — f° r 
all F G P(P), which is equivalent to 

vev(P) 

We finish with a " dual" application of Theorem 11.91 (compare with |191 
Prop. 2.1]): 

Corollary 1.11. Let X be a d-dimensional nonsingular toric Fano variety, 
and X 9^ Then there exist d torus-invariant curves on X, intersecting 
in a common torus fixpoint, all having anticanonical degree at most d. 

Proof. Let P be the associated Fano polytope. Let F G P(P) be chosen 
as in Theorem 11.91 Let u G V(P*) be one of the d vertices joined with 
r\p G V(P*) by an edge, say e. Let G be a facet of P* containing u but 
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not rjF- By duality, tjg £ V(P), and the assumption on F yields that rjp 
has integral distance (tjcVf) + 1 < d from G. Therefore, there can be at 
most d + 1 lattice points on e. Hence, as is well-known (e.g., see the proof 
of Cor. 3.6 in pjj]), the torus-invariant curve on X corresponding to e has 
anticanonical degree at most d. □ 

2. Projecting Fano polytopes 

In this section we recall the basic notions and results about projecting 
Fano polytopes along vertices. 

Here is the main observation, [6l Prop. 2.4.4, Prop. 2.4.10]: 

Proposition 2.1 (Batyrev). Let P be a Fano d-polytope. Then the projec- 
tion P' of P along a vertex v is a reflexive (d — 1) -polytope. 

For any lattice point x' in P' there exists a vertex x in P mapping to x' . 

If x' = 0, then x = v or x = —v. 

If x' ^ 0, then there are at most two vertices xi,X2 of P mapping to x' . 
In this case x\ — X2 = v or X2 — X\ = v. 

This motivates the following definition, [HI Def. 2.4.7]: 

Definition 2.2. Let P' be the projection of a Fano polytope along a vertex. 
A lattice point x' in P' with two vertices in P mapping to x' is called a double 
point. 

The next result Thm. 3.4] gives a strong obstruction on the existence of 
double points, and can also be generalized to simplicial reflexive polytopes, 

Theorem 2.3 (Casagrande). Let P' be the projection of a Fano polytope P 
along a vertex v. 

Then there are at most two double points ^ 0. 

Equality can only hold, if these two double points x',y' are centrally- 
symmetric. In this case, let us denote by x the unique vertex of P mapping 
to x' such that x is contained in a common face with v; in the same way we 
define y. Then x + y = v. 

Now, the following result shows that any facet of a projection of a Fano 
polytope is either unimodular or a circuit with unimodular triangulation: 

Proposition 2.4 (Batyrev). Let P' be the projection of a Fano d-polytope 
P along a vertex v. 

If C is a face of P contained in a facet F of P such that v £ F but v C , 
then the projection of C is contained in a facet of P' . 

On the other hand, let G' be a facet of P' , and G the face of P mapping 
to G' , thus v £ G. There are two cases: 
(1) G' has d — 1 lattice points. 

Then G' is an unimodular (d — 2) -simplex. There exists at most 
one double point on G' . 
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If there is no double point on G' , then G is (d — 2) -dimensional. 
If there is one double point on G' , then G is a facet of P. 
(2) G' has d lattice points v[, . . . ,v' d . 

Then there exists a relation among v[, . . . , v' d of the following type: 



where I, J are non-empty disjoint subsets of {1, . . . ,d}, and kj are 
positive natural numbers. 

For any i £ I the set {v[, . . . is a lattice basis. There 

are no double points on G' . 

Here, G is a facet of P. Moreover, there is a unique relation 
of type such that projecting yields a one-to-one correspondence 
between the following two sets of cardinality \I\: 

(a) (d — 2) -dimensional faces C of G such that the convex hull of C 
and v is a facet of P 

(b) (d — 2)-simplices with vertices {v[, . . . , (for i € I) 

Proof. The main results can be found in [6, Cor. 2.4.6, Prop. 2.4.8]. Only 
the last statement is not explicitly stated in [6]. Here, the relation is 
given as the projection of a so-called primitive relation, see O Def. 2.1.4, 



Cor. 2.4.6]. Namely, v + J2iei v i = J2j£j k j v j, with V(Cr) = {vi,...,v d }, 
where by definition {v } U {v i : i € /} is not contained in a face of P. Hence, 
the projection of V(C), for C as in (a), does not contain {v\ : i E /}. On 
the other hand, it follows from [BJ Thm. 2.3.3] and a well-known theorem 
of Reid, see [7J Thm. 2.3], that for any i E I the convex hull of v and 
{vi, . . . , Vd}\{vi} is a facet of P. □ 

Remark 2.5. The relation Q is called circuit relation, since d lattice points, 
whose affine hull is (d — 2)-dimensional, form a so-called circuit. This cir- 
cuit relation is unique, if there is some j € J with kj > 1. Otherwise, 
interchanging / and J yields another circuit relation of type 

In a special case there is yet another restriction, [fH Prop. 2.4.9]: 

Proposition 2.6 (Batyrev). If in the situation of Prop. \2.J\ the origin of 
P' is a double point, then in the case of (2) we have kj = 1 for all j G J. 

3. The classification algorithm 

In this section we describe the algorithm which we used to classify all 
five-dimensional Fano polytopes up to lattice isomorphisms: 

Algorithm 3.1. 

Input: A finite list of all isomorphism classes of reflexive (d— l)-polytopes. 
Output: A finite list of all isomorphism classes of Fano d-polytopes. 
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Procedure: 

(1) Output the Fano simplex associated to F d . If d is even, then output 
the Fano polytope associated to the d/2-product of P 2 blown-up in 
three torus-invariant points. 

(2) Determine all {d— l)-dimensional reflexive polytopes P' with < 3d— 1 
lattice points such that any facet of P' is either unimodular or a 
circuit with a circuit relation of type (Ej) in Prop. 12.4( 2). 

(3) For any such chosen P' proceed through all the facets G' of P'. If 
G' is unimodular, then define C' := G' . If G' = conv(t^, . . . , v' d ) is a 
circuit, then for any (at most two) circuit relations of type (j*j) and 
any i E I (see Q) define C' := conv({^, . . . ,^}\{^})- 

(4) For any such C' perform a lattice transformation mapping the ver- 
tices of C' onto the first d — 1 basis vectors ex, ... , &d-i of 

(5) Define k(0) = k{e\) = ••• = k(ed-i) = — 1. Now, proceed through 
all possible choices of natural numbers k(w') E {0, . . . , d— 1} assigned 
to the lattice points u/ of P' with it/ ^ {0, e%, . . . , e^-i} satisfying 

k(w') < d. 

w'e(P'nz d - 1 )\{o,ei,...,e d _ 1 } 

Hereby, one is allowed to choose k(w') = only for at most d lattice 
points w'. 

(6) For any such choice of {k(w')} wl( zp, n id~i define a list V of lattice 
points in Z rf by assigning to any lattice point w' of P' a lattice point 
w € V having the same first d — 1 coordinates as w' , and the last 
coordinate := —w\ — ■ ■ ■ — Wd-i — k{w'). For instance, to the 
lattice point E P' this associates E V . 

(7) Finally, choose among the lattice points of P' at most three so- 
called double points, where the number of lattice points of P' plus 
the number of chosen double points must not exceed 3d — 1. Here, 
any non-zero double point must not be contained in a circuit facet of 
P', and any unimodular facet of P' may contain at most one double 
point. The origin may only be chosen as a double point, if for any 
circuit facet of P' all coefficients in a circuit relation of type Q are 
equal to 1. Moreover, two non-zero double points w' , u' may only be 
chosen, if v! = —w' and the associated lattice points w, u € V satisfy 
w + u = ed- 

(8) For any chosen non-zero double point w' add the lattice point w — ed 
to the set V. If the origin is chosen as a double point, add — to 
V. 

(9) Check whether conv(V) is a Fano polytope. If yes, output conv(l^). 
Proposition 3.2. Alaorithm \3.1\ is correct. 

Proof. Let P be a Fano ti-polytope. By (1) and Theorem 1 1.31 we may assume 
that P is not a simplex and has < 3d — 1 vertices. Let F be a facet as in 
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Theorem 11.91 The vertices e±, . . . , of F form a lattice basis of Z, d . By 
Prop. 12.11 projecting P along yields a reflexive (d — l)-polytope P', that 
has at most 3d — 1 lattice points by Prop. 12.11 Therefore the isomorphism 
type of P' appears in the list of (2). 

Let C := conv(e2, . . . , e<f). Then by Prop. l2.4l projecting C yields a (d— 2)- 
dimensional simplex C' contained in a facet G' of P' . In the situation of 
Prop. 12.41 either C = G' or C = conv({t^, . . . ,^}\{^}) for some i £ I in 
a circuit relation of type Now, let wbea vertex of P, with w + £ P, 
projecting to a lattice point w' . Then 

k(w') := (rj F ,w) = -w[ w'^ - w d . 

Moreover, by the assumption on F in Theorem 11.91 k(uu') < d — 1 for all 
vertices w, the sum of all k(w') > does not exceed d, and by Prop. II. 71 we 
have k{w') = for at most d vertices. 

Hence, for these choices of P' ,G' ,C ,{k(w')} in steps (3)-(5) the set V 
in (6) contains precisely all vertices w of P with w + £ P. Now, by Prop. 
12.11 any other vertex of P projects onto a double point. The restrictions 
on the double points of P' in (7) follow from Theorem 12.31 and Prop. 12.61 
Hence, choosing these double points in step (8) yields V = V(P), thus the 
Algorithm 13.11 outputs P in step (9). □ 

For d = 5, we first determined all 4605 isomorphism classes of reflexive 4- 
polytopes satisfying the conditions in (2). Then the remaining computation 
steps of the algorithm took less than an hour on a standard PC. Note, that 
the program PALP, [T7], can determine for any lattice polytope a normal 
form, which makes it easy to check whether two lattice polytopes are lattice 
isomorphic. Using this feature we determined the list of all 866 mutually 
non- isomorphic Fano 5-polytopes. 

Remark 3.3. Here are three comments in favour of the validity of our 
computer calculations: 

First, the algorithm was implemented for arbitrary d. For d < 4 we 
regained all (i-dimensional nonsingular toric Fano varieties, which were pre- 
viously classified using completely different methods. 

Second, in [25] Sato classified all five-dimensional nonsingular toric Fano 
varieties with index 2. He found 10 isomorphism classes. In our list of 
isomorphism classes one variety had index six (namely, P 5 ), one had index 
three (namely, P P 3(Op3 © Op3 © P 3(1))), and 11 varieties had index two. 
It turned out that Sato had missed one five-dimensional nonsingular toric 
Fano variety with index 2. In the notation of [25, Thm. 3.6], this variety is 
the Pi-bundle over Pp3(Op3 ©Op3(l)) whose primitive relations are X1+X2 + 
X3 + X4 = X5 + x-j, £5 + X6 = and xj + x$ = 0, where G(E) = {x\, . . . , 

Third, the classification of 866 five-dimensional Fano polytopes was re- 
cently also independently achieved by 0bro using a completely different 
algorithm, see |23j . 
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4. Classification results 

In this section we list some of the properties of (i-dimensional nonsingular 
toric Fano varieties for d < 5. Many of these observations give rise to 
conjectures for general d. For the toric dictionary see |12j . 

4.1. Maximal Picard number. The Picard number of a d-dimensional 
nonsingular toric Fano variety equals the number of vertices of the associ- 
ated Fano polytope minus d. Let S 2 be P 2 blown -up in two torus-invariant 
fixpoints, and S3 be P 2 blown-up in three torus-invariant fixpoints. 

Proposition 4.1. Let d < 5, and X be a d-dimensional nonsingular toric 
Fano variety with Picard number px- 

If d is even, then px < 2d, and there is up to isomorphisms only one 
X with px = 2d, namely (S^)^ 2 , and one with px = 2d — 1, namely S 2 X 

(s 3 )( d - 2V2 . 

If d is odd, then px <2d—l, and there are up to isomorphisms precisely 
two X with px = 2d — 1, namely P 1 x (S^)^ -1 )/ 2 or a uniquely determined 
toric (S^)^ -1 )/ 2 -fiber bundle ouerP 1 . 

This result has a classification-free proof for d = 5 due to Casagrande, 
see [3 Thm. 4.2]. 

Remark 4.2. A complete proof of Prop. 14.11 for general d was announced 
by the second author in the preprint of this article, math.AG/0702890 , In 
the meantime a proof has been published by 0bro, |22j . 

4.2. Maximal Euler characteristic. The topological Euler characteris- 
tic of a nonsingular toric Fano variety equals the number of facets of the 
associated Fano polytope. 

Proposition 4.3. Let d < 5, and X be a d-dimensional nonsingular toric 
Fano variety. Then the topological Euler characteristic x(X) of X is maxi- 
mal if and only if the Picard number px is maximal. 

If d is even, then X (X) < 6 d/2 . 

Ifd is odd, then x(X) < 2 ■ Q( d ~ 1 )/ 2 . 

Remark 4.4. Since the dual of a Fano polytope is a reflexive polytope, the 
previous result should be seen in view of the open conjecture that any d- 
dimensional reflexive polytope has at most 6 rf / 2 vertices, with equality only 
if d is even and only for the <i/2-product of the reflexive hexagon, |21j . 

4.3. Maximal degree. The anticanonical degree of a (i-dimensional non- 
singular toric Fano variety equals the lattice volume of the dual of the asso- 
ciated Fano polytope. 

Proposition 4.5. Let d < 5, and X be a d-dimensional nonsingular toric 
Fano variety. Then there is precisely one X with maximal anticanonical 
degree (—Kx) d : 
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Dimension d 


2 


3 


4 


5 


Maximal {-K x ) d 


9 


64 


800 




14762 




Unique X 


p2 


P 3 


Pp3(Op3 


eo P 3(3)) 


Pp4(Op4 


©O p4 (4)) 



Remark 4.6. It is an open problem to determine the maximal degree of 
a nonsingular toric Fano variety. Projective bundles with large degree are 
constructed in [9j Prop. 5.22]. An upper bound is proven in [10, Thm. 9]. 



4.4. Maximal dimension of the space of global sections of the an- 
ticanonical sheaf. The dimension of the space of global sections of the 
anticanonical sheaf of a nonsingular toric Fano variety equals the number of 
lattice points of the dual of the associated Fano polytope. 

Proposition 4.7. Let al < 5, and X be a d-dimensional nonsingular toric 
Fano variety. Then h°(X,O x (—K x )) is maximal if and only if the anti- 
canonical degree {—Kx) d is maximal. 



Dimension d 


2 


3 


4 


5 


Maximal h° (X, O x {-K x )) 


10 


35 


159 


846 



4.5. Maximal degree of torus-invariant curves. There is a one-to-one 
correspondence between torus-invariant curves on a nonsingular toric Fano 
variety and the edges of the dual of the associated Fano polytope. Thereby, 
the anticanonical degree of a torus-invariant curve equals the edge length, 
i.e., the number of lattice points minus one, of the corresponding edge. 

Proposition 4.8. Let w(d) be the maximal anticanonical degree —K X .C of 
a torus-invariant curve on a d-dimensional nonsingular toric Fano variety. 
Then w(d) = 3, 5, 7, 11 for d = 2,3, 4, 5. 

One can construct a nonsingular toric Fano variety that is a P 2 -bundle 
over a P 2 -bundle over P 2 such that tu(6) > 15. However, the authors are 
not aware of any reasonable upper bound on w(d) giving the presumably 
correct asymptotics. 

4.6. Embedding of Fano polytopes. There is a tempting question about 
Fano polytopes due to Ewald |11| in 1988. Can one always embed any d- 
dimensional Fano polytope as a lattice polytope into [—1, l] d 7 There is still 
no counterexample known. 

Proposition 4.9. Let d < 5, and P C M. d a d-dimensional Fano polytope. 
Then there exists a lattice basis ofL d such that any vertex of P has coordi- 
nates in {—1,0, 1}. 

This proposition was checked by finding in the dual polytope P* lattice 
points ±ei, . . . , ie^ such that e\, . . . , e& is a lattice basis. 

4.7. Hodge numbers of complete intersection Calabi-Yau 3- folds. 

Recall that a projective variety with certain mild singularities is called a 
Calabi-Yau variety, if it has trivial canonical bundle, see Def. 4.1.8]. By a 
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construction of Batyrev and Borisov [1] one can define complete intersection 
Calabi-Yau varieties (CICY) of codimension d — r in a d-dimensional Goren- 
stein toric Fano variety using special Minkowski summands of length r, so 
called nef-partitions, of the dual of the associated reflexive polytope. More- 
over, they gave combinatorial formulas for determining the stringy Hodge 
numbers of the CICYs [3 US]. 

The five-dimensional Fano polytopes have between 3 and 159 nef-partitions 
of length two per dual Fano polytope, which can be used to construct 36233 
CICY 3-folds with 421 different pairs of Hodge numbers. Here is a plot of 
(/in, ^21 )i where 59 of these pairs do not come from anticanonical hypersur- 
faces in four-dimensional Gorenstein toric Fano varieties: 




10 50 100 hu 



Figure: CICYs from nef-partitions (circles) and toric hypersurfaces (dots). 
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